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a b s t r a c t
Enumerating the isomorphism classes of several types of graph coverings is one of the
central research topics in enumerative topological graph theory (see [R. Feng, J.H. Kwak,
J. Kim, J. Lee, Isomorphism classes of concrete graph coverings, SIAM J. Discrete Math.
11 (1998) 265–272; R. Feng, J.H. Kwak, Typical circulant double coverings of a circulant
graph, Discrete Math. 277 (2004) 73–85; R. Feng, J.H. Kwak, Y.S. Kwon, Enumerating typical
circulant covering projections onto a circulant graph, SIAM J. Discrete Math. 19 (2005)
196–207; SIAM J. Discrete Math. 21 (2007) 548–550 (erratum); M. Hofmeister, Graph
covering projections arising from finite vector spaces over finite fields, Discrete Math. 143
(1995) 87–97; M. Hofmeister, Enumeration of concrete regular covering projections, SIAM
J. Discrete Math. 8 (1995) 51–61; M. Hofmeister, A note on counting connected graph
covering projections, SIAM J. Discrete Math. 11 (1998) 286–292; J.H. Kwak, J. Chun, J. Lee,
Enumeration of regular graph coverings having finite abelian covering transformation
groups, SIAM J. Discrete Math. 11 (1998) 273–285; J.H. Kwak, J. Lee, Isomorphism classes
of graph bundles, Canad. J. Math. XLII (1990) 747–761]). A covering is called abelian (or
circulant, respectively) if its covering graph is a Cayley graph on an abelian (or a cyclic,
respectively) group. A covering p from a Cayley graph Cay(A, X) onto another Cay (Q, Y)
is called typical if the map p : A→ Q on the vertex sets is a group epimorphism. Recently,
the isomorphism classes of connected typical circulant r-fold coverings of a circulant graph
are enumerated in [R. Feng, J.H. Kwak, Typical circulant double coverings of a circulant
graph, Discrete Math. 277 (2004) 73–85] for r = 2 and in [R. Feng, J.H. Kwak, Y.S. Kwon,
Enumerating typical circulant covering projections onto a circulant graph, SIAM J. Discrete
Math. 19 (2005) 196–207 ; SIAM J. Discrete Math. 21 (2007) 548–550 (erratum)] for any r.
As a continuation of these works, we enumerate in this paper the isomorphism classes of
typical abelian prime-fold coverings of a circulant graph.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, graphs are finite, undirected, simple and connected. Let G be a graph with vertex set V(G) and
edge set E(G). The neighborhood of a vertex v ∈ V(G), denoted by N(v), is the set of vertices adjacent to v. An automorphism
of G is a permutation of the vertex set V(G) that preserves adjacency. The set of automorphisms forms a permutation group,
called the automorphism group Aut(G) of G. A graph G is vertex-transitive if Aut(G) acts transitively on the vertex set V(G).
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Let A be a finite group and let X be a subset of A such that X = X−1 (called symmetric) and 1 6∈ X. The Cayley graph
G = Cay(A, X) on A relative to X is the graph having vertex set V(G) = A and edge set E(G) = {{g, gx} | g ∈ A, x ∈ X}. For
a Cayley graph G = Cay(A, X), it is clear that Aut(G) contains the left regular representation L(A) of the groupA, and so G
is vertex-transitive; and that G is connected if and only if X generates A. The elements of X are called the connectors of the
graph Cay(A, X). A circulant graph is a Cayley graph on a cyclic group Zn (see [2]). Circulant graphs are widely applied to
telecommunication networks, VLSI design and distributed computation (see [1,12,13]). They are usually used as topologies
and are called loop networks or chordal rings. It is clear that a circulant graph Cay(Zn, X) is of odd valency if and only if n
is even and n2 ∈ Zn is a connector, and that if a circulant graph Cay(Zn, X) with X = {±x1,±x2, . . . ,±xk} is connected, then
gcd(x1, x2, . . . , xk, n) = 1, where gcd(x1, x2, . . . , xk, n) denotes the greatest common divisor of x1, x2, . . . , xk and n. Also, we
identify the integers 0, 1, . . . , n− 1 with their residue classes modulo n.
A covering projection (or simply covering) from a graph G˜ to another G is a surjection p : V(G˜) → V(G) such that
p |N(v˜) : N(v˜)→ N(v) is a bijection for all vertices v ∈ V(G) and v˜ ∈ p−1(v). Sometimes, a graph G˜ is also called a covering of
G with the projection p : G˜ → G, and it is r-fold if p is r-to-one. The fibre of an edge or a vertex is its preimage under p. If
a covering graph G˜ is a Cayley graph on an abelian (or a cyclic, respectively) group, then p is called abelian (or circulant,
respectively). A covering p : G˜ → G is regular if there exists a subgroup B of Aut(G˜) which acts freely on G˜, and an
isomorphism i : G˜/B → G such that i ◦ qB = p, where qB : G˜ → G˜/B is the quotient map. In this case, the graph G˜ is
also called a regular covering of the graph G and the groupB is called a covering transformation group of the covering p. It is
clear that every double covering is regular.
Two coverings pi : G˜i → G, i = 1, 2, are said to be isomorphic if there exists a graph isomorphism Φ : G˜1 → G˜2 such that
p2 ◦ Φ = p1. Such a Φ is called a covering isomorphism.
Every edge of a graph G gives rise to a pair of oppositely directed edges. By e−1 = vu, we mean the reverse directed edge
to a directed edge e = uv. A directed edge is also called an arc and the set of arcs of the graph G is denoted by D(G). Let A
be a finite group. Following Gross and Tucker [6], a (ordinary) voltage assignment φ of G is a function φ : D(G)→ Awith the
property that φ(e−1) = φ(e)−1 for each e ∈ D(G). The derived graph Gφ from a voltage assignment φ is defined as follows:
V(Gφ) = V(G) ×A, and for each arc e = uv ∈ D(G) and a ∈ A, let there be an arc (e, a) in D(Gφ) joining vertices (u, a) and
(v, aφ(e)). The first coordinate projection pφ : Gφ → G is a regular covering.
Let C1(G;A) denote the set of all voltage assignments φ : D(G)→ A of G. Gross and Tucker [6] showed that every regular
r-fold covering G˜ of a graph G can be derived from a voltage assignment in C1(G;A) for some finite groupA of order r.
Enumerating the isomorphism classes of several types of graph coverings is one of the central research topics in
enumerative topological graph theory (see [3–5,7–11]). Especially, to determine whether a regular covering of a Cayley graph
is also Cayley looks interesting (see [4,5]). Among such coverings, typical ones, i.e., by definition, coverings from a Cayley
graph onto another that preserve the group operations, will be treated in this paper. The isomorphism classes of typical
circulant coverings of a circulant graph were enumerated in [4] when the folding number is 2 and in [5] for any folding
number. Furthermore, it was proved in [4] that no connected double covering of a trivalent circulant graph is circulant and
in [5] that every circulant covering of a trivalent circulant graph, which is neither K4 nor K3,3, is typical. In this paper, we
enumerate the isomorphism classes of connected typical abelian prime-fold coverings of a circulant graph as follows.
Theorem 1. Let G = Cay(Zn, Y) be a connected circulant graph of order n and valency d. Then, for any prime p, the number of
isomorphism classes of connected typical abelian p-fold coverings of G is 1
p−1 (p
b d2 c − 1).
2. Characterization of isomorphic typical coverings
Let 1 → K → A → Q → 1 be a short exact sequence of finite groups with an epimorphism f : A → Q. In the
following, we identify the group K with the kernel Ker(f ) of the epimorphism f . Choose a symmetric generating set X of
the group A with 1 6∈ X, and let Cay(A, X) be the corresponding Cayley graph. As a subgroup of A, the group K acts
freely on the Cayley graph Cay(A, X) (by left multiplication), and the quotient projection qK : Cay(A, X)→ Cay(A, X)/K
is a regular covering with covering transformation group K . Let Y = f (X). Then Y is a symmetric generating set for the
group Q. Furthermore, f induces a covering f∗ : Cay(A, X) → Cay(Q, Y). It is easy to see that the two graph coverings
qK : Cay(A, X) → Cay(A, X)/K and f∗ : Cay(A, X) → Cay(Q, Y) can be identified through a graph isomorphism
f# : Cay(A, X)/K → Cay(Q, Y) defined by aK 7→ f∗(a). In other words, f∗ = f# ◦ qK . So f∗ is a regular covering. Such
a covering f∗ : Cay(A, X) → Cay(Q, Y) is called a typical covering derived from an epimorphism f . That is, a covering
p : Cay(A, X)→ Cay(Q, Y) is typical if the projection p : A→ Q on the vertex sets is a group epimorphism. Thus p(1A) = 1Q
and then p(X) = Y.
Note that in a typical covering f∗ : Cay(A, X)→ Cay(Q, Y)derived from an epimorphism f , if there is an x ∈ X∩K , or there
exist two distinct elements x and x′ in X such that f (x) = f (x′), then the base graph Cay(Q, Y) has a loop or a multiple edge.
Therefore, we assume that X∩K = ∅ and f (x) 6= f (x′) for any x 6= x′ in X in order to deal with only simple graphs throughout
this paper. From now on, for any epimorphism f : A → Q with f (X) = Y, we also denote the derived typical covering
f∗ : Cay(A, X)→ Cay(Q, Y) by f . The next lemma is similar to Lemma 10 in [5]. But, for the completeness, a proof is added.
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Lemma 2. Let f : Cay(A1, X1)→ Cay(Q, Y) and h : Cay(A2, X2)→ Cay(Q, Y) be two connected typical coverings of the same
graph Cay(Q, Y). Then, two typical coverings f and h are isomorphic if and only if there is a group isomorphism Φ : A1 → A2
such that h ◦ Φ = f and Φ(X1) = X2.
Proof. (⇐) Since Φ : Cay(A1, X1)→ Cay(A2, X2) is a graph isomorphism with h ◦ Φ = f , two typical coverings f and h are
isomorphic.
(⇒) Let two typical coverings f and h be isomorphic through a covering isomorphism Ψ : Cay(A1, X1) → Cay(A2, X2).
Since h(Ψ(1A1)) = f (1A1) = 1Q , Ψ(1A1) ∈ Ker(h). Let Ψ(1A1) = g. Define Φ = Lg−1 ◦ Ψ , where Lg−1 : A2 → A2 is defined
by Lg−1(a) = g−1a for a ∈ A2. Then Lg−1 is an automorphism of the graph Cay(A2, X2). Therefore, Φ is a graph isomorphism
from Cay(A1, X1) to Cay(A2, X2) and Φ(1A1) = 1A2 . For any b ∈ A1, we have
h ◦ Φ(b) = h ◦ Lg−1 ◦ Ψ(b) = h(g−1Ψ(b)) = h(g−1)h(Ψ(b)) = h(Ψ(b)) = f (b).
Thus h ◦ Φ = f . Furthermore Φ(N(1A1)) = N(1A2), which implies Φ(X1) = X2. For any c ∈ A1 and for any connector
xi ∈ X1, (Φ(c),Φ(cxi)) = Φ((c, cxi)) is an arc in the graph Cay(A2, X2). Therefore, there exists a connector xi′ ∈ X1 such that
Φ(cxi) = Φ(c)Φ(xi′). From
f (c)f (xi) = f (cxi) = h(Φ(cxi)) = h(Φ(c)Φ(xi′))
= h(Φ(c))h(Φ(xi′))
= f (c)f (xi′),
we get f (xi) = f (xi′) which implies xi = xi′ . Thus Φ(cxi) = Φ(c)Φ(xi). Since A1 is generated by X1, one can easily show that
Φ(bc) = Φ(b)Φ(c) for any b, c ∈ A1. Thus, Φ is a group isomorphism fromA1 toA2. 
It is clear from Lemma 2 that two connected typical coverings f : Cay(A1, X1) → Cay(Q, Y) and h : Cay(A2, X2) →
Cay(Q, Y) cannot be isomorphic if two groupsA1 andA2 are not isomorphic.
From now on, we fix G = Cay(Zn, Y) as a connected circulant graph and let p be a prime number. In order to enumerate
the isomorphism classes of typical abelian p-fold coverings of the graph G, let us consider a short exact sequence 0→ Zp →
A → Zn → 0 with an epimorphism f : A → Zn, where A is an abelian group. One can see that A is either Zpn or Zn × Zp.
When gcd(n, p) = 1, these two groups are isomorphic.
The isomorphism classes of connected typical circulant p-fold coverings Cay(A, X) → Cay(Zn, Y) with A = Zpn have
been enumerated in [4] for p = 2 and in [5] for any odd p as follows.
Theorem 3 ([4,5]). Let G = Cay(Zn, Y) and let p be a prime. When p = 2 and the valency of G is odd, there is no typical
circulant p-fold covering of G. Otherwise, the number of isomorphism classes of connected typical circulant p-fold coverings of G
is 1
p−1 (p
b d2 c − 1) if gcd(p, n) = 1, and is pb d2 c−1 if p | n, where d is the valency of G.
As the other case, the isomorphism classes of typical p-fold coverings Cay(A, X)→ Cay(Zn, Y) withA = Zn × Zp will be
enumerated in the next section.
3. Typical abelian but not circulant coverings
Throughout this section, we consider a short exact sequence 0 → Zp → A → Zn → 0 with A = Zn × Zp and p | n in
order to consider only the typical abelian but not circulant coverings of G = Cay(Zn, Y). Let n = pm and let  denote the
epimorphism from Zn × Zp to Zn defined by (a, b) = a for any (a, b) ∈ Zn × Zp.
Lemma 4. Any typical covering f : Cay(Zn × Zp, X)→ Cay(Zn, Y) derived from an epimorphism f : Zn × Zp → Zn is isomorphic
to a typical covering  : Cay(Zn × Zp, X′)→ Cay(Zn, Y) for some X′ ⊂ Zn × Zp.
Proof. Let f : Zn × Zp → Zn be an epimorphism and let f : Cay(Zn × Zp, X)→ Cay(Zn, Y) be a derived typical covering. Set
f (1, 0) = α and f (0, 1) = β. Thus f (a, b) = αa+βb for any (a, b) ∈ Zn×Zp. Since (1, 0) and (0, 1) generate the group Zn×Zp
and f is an epimorphism, α and β generate the group Zn. Thus gcd(α,β, n) = 1.
First, we assume that gcd(α, n) = 1. Define Φ(a, b) = (f (a, b), b) for any (a, b) ∈ Zn × Zp. It is clear that Φ preserves the
group operation. Furthermore, ifΦ(a1, b1) = Φ(a2, b2), then b1 = b2 and f (a1, b1)− f (a2, b2) = f (a1−a2, 0) = α(a1−a2) = 0,
which implies that a1 = a2 since gcd(α, n) = 1. Thus, the map Φ is injective and Φ is an automorphism of the group
Zn × Zp. Set X′ = Φ(X). Then, Φ induces a graph isomorphism from Cay(Zn × Zp, X) to Cay(Zn × Zp, X′). Moreover, we have
(X′) = (Φ(X)) = f (X) = Y. Since X∩Ker(f ) = ∅, i.e., there is no (a, b) ∈ X such that f (a, b) = 0, there is no (a′, b′) ∈ X′ such
that a′ = 0. Thus X′ ∩ Ker() = ∅. Also it is clear that (a′1, b′1) 6= (a′2, b′2) for any (a′1, b′1) 6= (a′2, b′2) in X′. From
 ◦ Φ(a, b) = (f (a, b), b) = f (a, b)
for any (a, b) ∈ Zn × Zp, we know that  ◦ Φ = f . Therefore, the two coverings f and  are isomorphic via the covering
isomorphism Φ.
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Now suppose that gcd(α, n) 6= 1. Clearly β 6= 0. From pβ = f (p(0, 1)) = f (0, 0) = 0, we get that β = tm for some t
with 1 ≤ t ≤ p − 1. Therefore, gcd(β, n) = m and gcd(α,m) = gcd(α,β, n) = 1. This implies that gcd(α, p) 6= 1 since
otherwise gcd(α, n) = 1 is deduced. Thus α = sp for some s 6= 0. As divisors of α, both s and p are relatively prime to m
because gcd(α,m) = 1. Define a map Φ′ : Zn × Zp → Zn × Zp by Φ′(a, b) = (f (a, b), a (mod p)). It is clear that Φ′ preserves
the group operation. If Φ′(a1, b1) = Φ′(a2, b2), then f (a1, b1) = f (a2, b2) and a1 (mod p) = a2 (mod p), that is,
sp(a1 − a2)+ tm(b1 − b2) ≡ 0 (mod n) (1)
and
a1 − a2 ≡ 0 (mod p). (2)
Multiplying Eq. (1) by m, we get tm2(b1 − b2) ≡ 0 (mod n). By the assumption n = pm, tm(b1 − b2) ≡ 0 (mod p). Since both
t and m are relatively prime to p, we have b1 = b2 in Zp. Similarly, multiplying Eq. (1) by p, we have sp(a1 − a2) ≡ 0 (mod m)
and then
a1 − a2 ≡ 0 (mod m). (3)
From Eqs. (2) and (3), we get that a1 = a2 in Zn. This proves that Φ′ is injective and then Φ′ is an automorphism of
the group Zn × Zp. Set X′ = Φ′(X). By repeating the same process as the previous case, one can show that the covering
f : Cay(Zn × Zp, X)→ Cay(Zn, Y) is isomorphic to the typical covering  : Cay(Zn × Zp, X′)→ Cay(Zn, Y). 
Following Lemma 4, one may assume that every typical abelian but not circulant p-fold covering of G = Cay(Zn, Y) is
derived from the epimorphism  : Zn× Zp → Zn defined by (a, b) = a for any (a, b) ∈ Zn× Zp up to covering isomorphism.
In the following, we define a voltage assignment which derives a typical abelian but not circulant p-fold covering. For a
convenience, we consider this problem according to the parity of valency separately.
3.1. Even valency case
Let the valency of G = Cay(Zn, Y) be even, say 2k. Noting that any 2-regular graph is circulant, we assume that k ≥ 2. Let
Y = {±y1,±y2, . . . ,±yk}, where 0 < y1, y2, . . . , yk <
⌊
n+1
2
⌋
. To construct a typical abelian but not circulant p-fold covering
of G, we define a voltage assignment φ : D(G) → Zp = {0, 1, . . . , p − 1} as follows: Let (δ1, δ2, . . . , δk) ∈ Zkp be any fixed
k-tuple. For any arc e = (a, a+ y`) in D(G) with a connector y`, 1 ≤ ` ≤ k, define
φ(e) = δ` (4)
and φ(e−1) = −φ(e). In this case, we say that φ is a typical voltage assignment of type (δ1, δ2, . . . , δk).
Now assume that φ is a typical voltage assignment of type (δ1, δ2, . . . , δk). Set X = {±(y1, δ1),±(y2, δ2), . . . ,±(yk, δk)}.
Clearly (X) = Y, X ∩ Ker() = ∅, and (x) 6= (x′) for any x 6= x′ in X, so  : Cay(Zn × Zp, X)→ G is a typical abelian but not
circulant p-fold covering of the graph G. Furthermore, it can be easily checked that the covering pφ derived by the voltage
assignment φ and the typical covering  are isomorphic via the graph isomorphismΨ : V(Gφ)→ Cay(Zn×Zp, X) defined by
Ψ(a, b) = (a, b).
Conversely, if a typical abelian but not circulant p-fold covering  : Cay(Zn × Zp, X) → Cay(Zn, Y) is given with
X = {±(x1, δ1),±(x2, δ2), . . . ,±(xk, δk)}, then x` = y` for all 1 ≤ ` ≤ k since Y = (X). By chasing the reverse direction
of the previous paragraph, one can show that  is isomorphic to the covering pφ, where φ is a typical voltage assignment of
type (δ1, δ2, . . . , δk).
So far, we have shown that a p-fold covering of the circulant graph G = Cay(Zn, Y) is typical abelian but not circulant if
and only if it is derived from a typical voltage assignment. This gives the proof of the first part of the following lemma.
Lemma 5. Let G = Cay(Zn, Y) be a circulant graph of valency 2k with k ≥ 2. Then any typical abelian but not circulant p-fold
covering of a circulant graph G can be derived from a typical voltage assignment. Furthermore, there exist exactly pk typical voltage
assignments in C1(G;Zp).
Proof. From the definition of a typical voltage assignment, the voltages on the arcs with any fixed connector y` are
completely determined by φ(0, y`). Since φ(0, y`) ∈ Zp has p choices and there are k such connectors y`, 1 ≤ ` ≤ k, there
exist pk typical voltage assignments in C1(G;Zp). 
The following lemma is related to the connectivity of typical abelian but not circulant p-fold coverings.
Lemma 6. Let G = Cay(Zn, Y)with Y = {±y1,±y2, . . . ,±yk} as before, p be a prime with p | n, and let φ ∈ C1(G,Zp) be a typical
voltage assignment of type (δ1, δ2, . . . , δk). Then the covering graph Gφ is disconnected if and only if there exists an element θ ∈ Zp
such that θy` ≡ δ` (mod p) for all 1 ≤ ` ≤ k.
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Proof. We know that the covering graph is Gφ = Cay(Zn × Zp, X), where X = {±(y1, δ1),±(y2, δ2), . . . ,±(yk, δk)}. The
covering graph Gφ is disconnected if and only if the subgroup U generated by (y1, δ1), (y2, δ2), . . . , (yk, δk) is a proper
subgroup Zn × Zp.
The sufficiency is clear. For necessity, suppose that Gφ is disconnected. Since the graph G is assumed to be connected,
y1, y2, . . . , yk generate the group Zn. For any a ∈ Zn, there exist λ`, 1 ≤ ` ≤ k, such that a = ∑k`=1 λ`y`. Thus
(a,
∑k
`=1 λ`δ`) ∈ U and a 7→ (a,
∑k
`=1 λ`δ`) gives a group homomorphism from Zn to U. Moreover, we know that |U| is a
divisor of np and |U| 6= np. Since U has a subgroup isomorphic to Zn, the index of U in Zn × Zp must be p and then |U| = n.
Thus, for each a ∈ Zn there is unique γa ∈ Zp such that (a, γa) ∈ U. For a ∈ Zn, if a = pc is a multiple of p, set c = ∑k`=1 τ`y`.
Then (a, 0) = (pc, 0) = p(c,∑k`=1 τ`δ`) ∈ U. That is, the unique γa ∈ Zp with (a, γa) ∈ U is γa = 0 when a is a multiple of p.
If there is no θ ∈ Zp with θy` ≡ δ` (mod p) for all 1 ≤ ` ≤ k, then (δ1, δ2, . . . , δk) and (y1, y2, . . . , yk) are independent in the
vector space Zkp. Therefore in the field Fp = Zp, the system of linear equations with variables z1, z2, . . . , zk,{
y1z1 + y2z2 + · · · + ykzk = 0,
δ1z1 + δ2z2 + · · · + δkzk = 1
has a solution (ω1,ω2, . . . ,ωk). Set a = ∑k`=1 ω`y`. Then a ≡ 0 (mod p), while (a, 1) = ∑k`=1 ω`(y`, δ`) ∈ U, a
contradiction. 
Let ∆ denote the set of k-tuples (δ1, δ2, . . . , δk) ∈ Zkp such that the typical voltage assignment of type (δ1, δ2, . . . , δk)
derives a connected covering of G. Then |∆| = pk − p by Lemma 6.
Theorem 7. Let G = Cay(Zn, Y) be a connected circulant graph with valency 2k, k ≥ 2. Then, for any prime p with p | n, the
number of isomorphism classes of connected typical abelian but not circulant p-fold coverings of G is 1
p−1 (p
k−1 − 1).
Proof. Let Y = {±y1,±y2, . . . ,±yk}, where 0 < y1, y2, . . . , yk <
⌊
n+1
2
⌋
. Then, by Lemma 4, any connected typical abelian
but not circulant p-fold coverings of G can be derived from a typical voltage assignment of type (δ1, δ2, . . . , δk) ∈ ∆ with
assumption that any typical covering projection sends (a, b) in Zn×Zp to a in Zn. Furthermore, by Lemma 2, any two k-tuples
(δ1, δ2, . . . , δk) and (δ′1, δ′2, . . . , δ′k) in∆ derive isomorphic coverings if and only if there exists a Φ ∈ Aut (Zn×Zp) such that
Φ(yi, δi) = (yi, δ′i) for every i = 1, 2, . . . , k. Since Y generates Zn, for any (a, b) ∈ Zn × Zp, Φ(a, b) = (a, c) for some c ∈ Zp.
LetH = {Φ ∈ Aut (Zn × Zp) | Φ(a, b) = (a, c) for some c ∈ Zp}. Then,H is a subgroup of Aut(Zn × Zp). Define anH-action
on ∆ by Φ(δ1, δ2, . . . , δk) = (δ′1, δ′2, . . . , δ′k) for any Φ ∈ H and (δ1, δ2, . . . , δk) ∈ ∆, where δ′i is uniquely determined by
the relation Φ(yi, δi) = (yi, δ′i) for every i = 1, 2, . . . , k. This action is well defined, and the number of isomorphism classes
of connected typical abelian but not circulant p-fold coverings of G is the number of orbits under the H-action on ∆. Let
(δ1, δ2, . . . , δk) ∈ ∆ be given arbitrarily. Since {±(y1, δ1),±(y2, δ2), . . . ,±(yk, δk)} generates Zn × Zp, no Φ ∈ H fixes the
k-tuple (δ1, δ2, . . . , δk) except the identity. Hence, the size of orbit containing (δ1, δ2, . . . , δk) equals the cardinality |H |.
Now, it suffices to enumerate |H |. One can easily check that an automorphism Φ is an element in H if and only if Φ is
defined by two images Φ(1, 0) = (1,µ) and Φ(0, 1) = (0, ν) for anyµ ∈ Zp and ν ∈ Zp−{0}. Hence, |H | = p(p−1) and the
size of every orbit under theH-action on∆ is p(p− 1). Therefore, the number of isomorphism classes of connected typical
abelian but not circulant p-fold coverings of G is 1
p(p−1) (p
k − p) = 1
p−1 (p
k−1 − 1). 
3.2. Odd valency case
Let the valency of G = Cay(Zn, Y) be odd, say 2k + 1. Without any loss of generality, one may assume that Y =
{±y1,±y2, . . . ,±yk, n2 }, where 0 < y1, y2, . . . , yk <
⌊
n+1
2
⌋
. To derive typical abelian but not circulant p-fold coverings of
G, we define a typical voltage assignment φ ∈ C1(G,Zp) as in Eq. (4) again for the arcs with connectors y`, 1 ≤ ` ≤ k. For an
arc e = (a, a+ n2 ) in D(G) with the connector n2 , we define φ(e) = 0, a trivial voltage if p 6= 2. If p = 2, φ(e) can be assigned
by either 0 or 1. The only difference to the even valency case is that when p = 2, the voltages given to the arcs with the
connector n2 have 2 choices. Therefore, the number of typical voltage assignments of the graph G which derive connected
p-fold coverings is pk − p when p 6= 2 and is 2k+1 − 2 when p = 2. So the isomorphism classes of connected typical abelian
but not circulant p-fold coverings of a connected circulant graph G of valency 2k+1 can be enumerated by a method similar
as in Theorem 7. Also the proof is similar to that of the even valency case.
Theorem 8. Let G = Cay(Zn, Y) be a connected circulant graph of order n and valency 2k + 1. Then, for any prime p with p | n,
the number of isomorphism classes of connected typical abelian but not circulant p-fold coverings of G is 1
p−1 (p
k−1 − 1) if p 6= 2,
and is 2k − 1 if p = 2.
Theorems 7 and 8 can be summarized as follows.
Theorem 9. Let G = Cay(Zn, Y) be a connected circulant graph of order n. Then, for any prime p with p | n, the number of
isomorphism classes of connected typical abelian but not circulant p-fold coverings of G is 1
p−1 (p
b d2 c−1 − 1) if p 6= 2, and is
2b
d−1
2 c − 1 if p = 2, where d is the valency of G.
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Especially, when d = 3, we have the following result.
Corollary 10. Let G = Cay(Zn, Y) be a connected trivalent circulant graph of order n. Then, for any odd prime p with p | n, all
typical abelian but not circulant p-fold coverings of G are disconnected.
Proof of Theorem 1. Summing up the numbers in Theorems 3 and 9, the isomorphism classes of connected typical abelian
p-fold coverings of a connected circulant graph can be enumerated. 
So far, we have enumerated the isomorphism classes of typical abelian coverings of a circulant graph for a prime folding
number. For a composite folding number m, it might be difficult to enumerate those m-fold coverings. One reason is that
there are many abelian extensions of an abelian group of order m by a cyclic group Zn. The other one is that the enumeration
method used in this paper may not be suitable for a composite case, even for abelian extension cases of Zm by Zn. This might
be a research problem for further study.
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